Question: Use eigenvalues and eigenvectors to find the solution to the following IVP:
-2 5 3
x' = <_1 _4)x, x(0) = (1)
Solution:

The eigenvalues are found by solving the characteristic polynomial equation |A — IA| = 0 of the

matrix
-2 5
-2

(=2 =X (=42 = (-1)(5) =0

This results in

which has solutions
A =-3+2¢and \y = -3 —2i

To find the eigenvectors corresponding to A\; and A5, we substitute into A — I\ and solve
(A — I\,)v, = 0to obtain

—1 -2 —14 2
Vi = 1 anva = 1 .

Accordingly, the general solution can be constructed as

x(t) = CivieMt + Covae?t

_0y {—1 1— Qi] (=342t | oy {—1 :‘ 22} (=320t

Applying Euler's identity

B (—1 —2i)(cos2t +isin2t)| 5 (=14 2i)(cos2t —isin2t)| s
=G [ cos 2t + isin 2t e+ G cos 2t — isin 2t €

and collecting real and imaginary terms gives

— cos 2t + 2sin 2t

cos 2t sin 2t

:(cl+cz){

} o3t 4 (Cy = Cy)i {—2 cos 2t — sin 21 o3t

cos 2t sin 2t

_ [— cos 2t + 2sin 21 LB {—2 cos 2t — sin Qt} o3t

where we have defined
A= Cl + CQ and B = (01 — CQ)Z



Applying the initial condition x(0) = |3, 1]T to this equation gives
—1 —2 3
SRRl

{A=1,B=-2}

which has solution

Finally, we substitute these values into our solution and simplify to obtain the final answer

x(t)= 3cos2t +4sin2t| _g
| cos2t — 2sin 2t

= | e cos(2t) m + e sin(2t) {‘24}

or, in matrix-product form,
_|—=3  —4] |cos(2t) o3t
1 2 |sin(2t)

The solution is plotted for ¢ > 0. The color of the vector field indicates rate of change with red being
faster than blue.
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